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The complexity of quasivariety lattices
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We consider two complexity measures of (relative) quasivariety lattices:
the Q-universality and the Nurakunov non-computability property. The
concept of Q-universality was introduced by M.V. Sapir [1] in 1985. A
quasivariety K is Q-universal if, for any quasivariety R of a finite type, the
quasivariety lattice Lq(R) is a homomorphic image of a sublattice of the
quasivariety lattice Lq(K). The second complexity measure was suggested
by A. M. Nurakunov [2] in 2012. We say that a class K of algebraic structures
of a fixed type has the Nurakunov non-computability property if the set of
all (isomorphism types of) finite sublattices of the quasivariety lattice Lq(K)
is not computable.

In [3], it was proved that a class K is Q-universal if and only if it contains
a subclass which has the Nurakunov non-computability property. In this
regard, the following questions arose [cf. 3,4]:
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e Does any Q-universal class K contain a subclass which has the Nu-
rakunov non-computability property?

e Is there a class of algebraic structures which is not Q-universal but
which has the Nurakunov non-computability property?

A positive answer to the first question was given by M. V. Schwidefsky
[4] for almost all the known Q-universal quasivarieties. The author gives a
positive answer to the second question, cf. Theorems 1 and 2 and [5].

Theorem 1. If a class K of algebraic structures of finite type contains
an AD-class then it contains continuum many proper subclasses K' ¢ K
which have the Nurakunov non-computability property but which are not
Q-universal.

Theorem 2. For the following classes K of algebraic structures, there
are continuum many subclasses K’ ¢ K which have the Nurakunov non-
computability property but which are nevertheless not Q-universal:

the variety of all unars;

the variety of all pointed Abelian groups;

the quasivariety of all [directed] graphs;

the variety of all differential groupoids;

the variety of all commutative rings with unit;

any finite-to-finite universal quasivariety;

the variety of MV -algebras;

the variety of Cantor algebras;

the variety of modular (0, 1)-lattices;

10 the Sapir quasivariety which is generated by a single semigroup.

© 0N ot W

In case (1), the classes K’ can be chosen as quasivarieties.

Theorem 1 can be applied to almost all known Q-universal quasivari-
eties. In theorem 2, we list just some examples, where theorem 1 applies;
this list is however not exhaustive.
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We consider e-spectra for families of theories of Abelian groups [1]. By
A, B, ', E we denote the classes of all theories of Abelian groups, whose
positive Szmielew invariants are exhausted by oy, Bp, 7p, €, respectively.
For X,Y,Z,U e {A,B,I,E} we denote by XY, XYZ, XYZU, respectively, the
set of all theories of Abelian groups whose positive Szmielew invariants are
exhausted by corresponding o, n,, Bp, Vp, € for X, Y, Z,U. By F we denote the
set of all theories of Abelian groups with finite Szmielew invariants. Choose
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